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Abstract: In this paper, the general solution is found for the partial differential equations describing the steady plane motion of 

incompressible second grade fluid in the presence of unknown body force when vorticity function satisfies the equation. The general 

solution of the partial differential equation is obtained using the method of variation of parameters and the method of separation. 

The exact solutions are found for the flow equations in which four arbitrary functions are involved. Stream functions are found for 

the steady plane flow equation and the corresponding streamline patterns are drawn. The effects of second grade parameter in the 

stream function and streamlines patterns are studied and the effect of porosity parameter also discussed for the steady plane motion. 

The results are reported for conclusion.     
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1 INTRODUCTION 

The second grade fluids are the common non-Newtonian viscoelastic fluids in industrial fields, such as polymer solutions. second 
grade fluids have been a famous topic of research because of their diverse use in many industrial processes. Various complex fluids 
such as oils, polymer melts, different types of drilling mud’s and clay coatings and many emulsions are included in the category of 
second grade fluids. 

Second grade fluids in porous media exhibit a nonlinear behavior different from that of Newtonian fluids in porous media. The 
rheological effects of second grade fluids through porous media occur in a board range of engineering applications, e.g., transport 
processes in chemical industry, storage of nuclear waste material, discoveries of the flow of oil in petroleum reservoirs, and food 
processing. Interest in the study of second grade fluids has been mainly motivated by their importance in most of the problems arising 
from engineering practice and chemical industry. Amongst them, the second grade fluids of differential type have received special 
attention from the research scholars. 

The problem of finding exact solutions of governing equations of second grade fluids flow present insuperable mathematical 
difficulties due to the fact that these are nonlinear. However, researchers using various methods and approaches have determined 
exact solutions to flow equations. 

Recently, Nameem (2012) presented some new exact solutions to equations governing the plane steady motion of incompressible 
second grade fluids in the presence of unknown body force for prescribed vorticity distribution. And this work is extended for the 
study of the effects of porosity for the steady plane motion. 

2 MATHEMATICAL FORMULATION OF THE PROBLEM 

The basic equations describing the flow of a viscous incompressible second grade fluid in the presence of body force, neglecting 
thermal effects are 

The basic equations describing the flow of a viscous incompressible second grade fluid in the presence of body force, neglecting 
thermal effects are 

0=Vdiv
                                                                 

(3.1.1) 

VfTdiv  =+                                    (3.1.2) 

And the constitutive equation for the Cauchy stress T is  

.
2

12211 AAApIT  +++−=                              (3.1.3) 

Here V is the velocity vector,   is the density, f is the body force per unit mass, p is the dynamic pressure,  is the coefficient of 

dynamic viscosity and 21 &
 are the normal-stress moduli. Rivlin-Ericksen tensors 1A

and 2A
are given by 
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And h is the generalized function for steady plane flows defined by 
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                                                                   (3.1.5) 

and differentiate the above equations with respect to x & y to obtain the flow equations 

,1
2

1 fvvh yx  ++−−=                          (3.1.6) 

,2
2

1 fuuh xy  +++−=                      (3.1.7) 

where 21, ff
are the force components. 

The equations of continuity of an incompressible fluid given below 

,0=+ yx vu                     (3.1.8) 

yx uv −=                                                   (3.1.9) 

and   is the vorticity function. 

Equation (3.1.8) implies the existence of the stream function  such that 

., xy vu  −==                                  (3.1.10) 

Inserting equation (3.1.10) into equations (3.1.6-3.1.9), to obtain the solution for 

,2 −=                   (3.1.11) 

1
2

1 Fh xyxx ++−−= 
                  

(3.1.12) 

2
2

1 Fh yxyy +++−=                  (3.1.13) 

where  11 fF = , 22 fF = .                (3.1.14) 

Once a solution of equations (3.1.11-3.1.13) is determined, the velocity components and the pressure p are determined employing 
equations (3.1.10) and (3.1.5), respectively. 

2.1 General Solution of the Existence Stream Function 

The general solution of equations (3.1.11-3.1.13) for the flows characterized by the equation 

Z=−  2
1                                    (3.2.1) 

Where   )()( yMxGZ +=                                   (3.2.2) 

in equation (3.2.2), the functions G(x) and M(y) are arbitrary and substituting the value of 𝜔 is 

)()( yBxA +=                                    (3.2.3) 

equation (3.2.1) divides by 1  

11

2









z
=−

                                                   (3.2.4)

 

In this equation (3.2.1), to obtain the solution substituting  





=

1

and the value of    in (3.2.4) 
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+
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1

)()(
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
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yMxG
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+
=+−+

            (3.2.5)

 

And add and subtract a separation constant 0 in (3.2.5) 

1
00

1

)()(
))()(()()(







yMxG
yBxAyBxA +−+=+−+

       (3.2.6)
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Separate the variable x and y in equation (3.2.6) 

1
0

)(
)()(




xG
xAxA +=−                    (3.2.7) 

1
0

)(
)()(




yM
yByB +−=−                   (3.2.8) 

where 
0

1

,



 =

is separation constant 

Now consider applying method of variation of parameters on equations (3.2.7)  

1
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)(
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xG
xAxA +=−  

Consider auxiliary equation of equation (3.2.7) 

02 =− m  

= m  

xx eCeCxA  −+= 21)(
                                  (3.2.9)

 

using variation parameter method formula to find particular integral of (3.2.7). The formula for particular integral is 
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212121 ),( yyyyyy −=
                                (3.2.11)

 

21 , and yy are auxiliary solutions of (3.2.9) 

of  value x therespect to with atedifferenti and

 (3.2.9) fromget  its where 21
xx

eyey  −==

 obtain  to(3.2.11) 

equationsin   thissubstituteget   to, 21 andyy
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  Now consider the particular integral and substitute the values of equations (3.2.11) and 

(3.2.7) in (3.2.10)
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IPICy .. += is (add the equations (3.2.9) + (3.2.13)) 
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Similarly applying method of variation of parameters on equations (3.2.8) is 
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The auxiliary equation of (3.2.8) is 
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Now B(y) =C. I+P.I (add 3.2.15 + 3.2.16) 
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where 4321 &,, CCCC
are arbitrary constants. 

Equation (3.1.11) utilizing equation (3.2.13) and applying method of separation of variables provides. Now considering equation 
(3.1.11) and substitute in (3.2.13) to obtain 

 2−=  
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Add and subtract 1 in (3.2.19) 
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Now separate variables of x and y in (3.2.20) 
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Considering the variable of x in equations (3.2.21) 
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Again ingrate with respect to x the equation (3.2.23) 
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Now B(y) =C.I+P.I (add 3.2.15 + 3.2.16) 
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where 4321 &,, CCCC are arbitrary constants. 

Equation (3.1.11) utilizing equation (3.2.13) and applying method of separation of variables provides. Now considering equation 
(3.1.11) and substitute in (3.2.13) to obtain 
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Add and subtract 1 in (3.2.19) 
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Now separate variables of x and y in (3.2.20) 
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Considering the variable of x in equations (3.2.21) 
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Again ingrate with respect to x the equation (3.2.23) 
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Now considering the variable of y in equation (3.2.22) 
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Integrate with respect to y the above equations 
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Again Integrate with respect to y the above equation  
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(3.2.27) 

where 1 , 2 , 3 , 4 and 5 are arbitrary real constants. 

2.2 General Solution of Force Components 

In order to determine force components 1f  and 2f
, And insert equations (3.2.1-3.2.3, 3.2.27) in equations (3.1.12) and (3.1.13) to obtain general 

solution of force components. 

Now consider the equation (3.1.12)  
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
                   (3.3.13)

 

Put yF


1  and xF


1   values in (3.3.9) 

132 )()()()( dxDxAyDyB =+=+−   

(3.3.14) 

Now separate the variable y in (3.5.14) 

12 )()( dyDyB =+−
 

12 )()( dyByD += 
                 (3.3.15) 

 

Integrate equation (3.3.15) with respect to    y 

 

212 )()( dydyByD ++=                                  (3.3.16) 

Now consider x variable in (3.3.14) 

13 )()( dxDxA =+
                   (3.3.17)

 

Integrate equation (3.3.17) with respect to x
 

313 )()( dxdxAxD ++−=                                   (3.3.18) 

1d
, 2d

 and 3d
are arbitrary real constant. 

Now considering the force components equation (3.1.14) 

11 fF =  

Consider (3.3.3) to obtain the value of 1
F

 

))()(()(211

11

yMxGdxxAxF

Ff

+






 −+−=

=


 



Substitute equation (3.3.10) and (3.3.16) in above 

equation  
                               

21

1211 )()(),()(

dyd

yBxDyxzdxxAxf

++

++






 −+−=  

 

(3.3.19) 
Now considering the force components equation (3.1.14) 

22 fF =  

Consider (3.3.6) to get the value of F2 
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))()((

)(41222

yMxG

dyyByFFf

+








 −+−== 
 

 

Substitute equation (3.3.12) and (3.3.18) in above equation 

314

412

)()(

),()(

dxdxAyD

yxzdyyByf

++−

+






 −+−−= 



 

(3.3.20) 

The equations (3.3.19) and (3.3.20) are general solutions of the force components where 4321 ,,, dddd
 are real constants. 

2.3 General Solution of Steady Plane Flow 

Consider equation (3.3.2) 


+−= 1)( FyBhx   

Substitute equation (3.3.10) in the above equation 

)()()( 21 yDxDyBhx ++−= 
                              (3.4.1)

 

Substitute the equation (3.3.16) in the above equation 

211 )()()( dydyBxDyBhx ++++−=   

211 )( dydxDhx ++=
                   (3.4.2)

 

Integrate equation (3.4.2) with respect to x 

xdyxddxxDh 211 )( ++=                                    (3.4.3) 

Now consider equation (3.3.5) 


+= 2)( FyAhy   

Substitute equation (3.3.12) in the above equation and get 

)()()( 43 yDxDyAhy ++= 
                  (3.4.4)

 

Substitute the equation (3.3.18) in the above equation 

314 )()()( dxdyAxDxAhy ++++−=   

314 )( dxdyDhy ++=
                               (3.4.5)

 

Integrate equation (3.4.5) with respect to y 

ydxyddyyDh 314 )( ++=                                    (3.4.6) 

Now adding the equations (3.4.3) + (3.4.6) 

432141 )()( dydxdxyddyyDdxxDh +++++=          (3.4.7) 

where 4d is an arbitrary real constant, and )(1 xD , )(4 yD are arbitrary functions. The pressure p can easily be determined through equation (3.1.5) 

employing equation (3.4.7). 

The general solution to equations (3.1.6-3.1.9) is 

53

42
221

)(

)()(
2








++

−−++−=





dydyyB

dxdxxAyxyx

 

  (3.4.8) 

−+−= dyyByu )(41                                   (3.4.9) 

−+−= dxxAxv )(21 
                                    

(3.4.10) 
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21

1211 )()(),()(

dyd

yBxDyxzdxxAxf

++

++






 −+−=  
    (3.4.11)            

                                

31

4412

)(

)(),()(

dxdxA

yDyxzdyyByf

++

−+






 −+−−= 



      

                                                                               (3.4.12)      

43

2141 )()(

dyd

xdxyddyyDdxxDh

++

+++=      

                                                                               (3.4.13)      where A(x) and B(y) are given by equations (3.2.7) and (3.2.8), respectively. 

2.4 Special Cases of the General Solutions of Stream Functions 

The general solution of equations describing the steady plane flows of incompressible second grade fluids in the presence of unknown 

body force is determined when vorticity function   satisfies the partial differential equation in equation (3.2.1). The general solution contains 

four arbitrary functions G(x), M(y), )(1 xD and )(4 yD . The arbitrariness of these four functions indicates that an infinite set of exact solutions can 

be generated for flow equations (3.1.6-3.1.9). and constructed some stream functions  for some forms of the functions G(x) and M(y) 

These stream functions  are 

1. For G(x)=n, M(y)=m 

343

2142
2

2
2

1

1

1











+






 +−








 +−++−=

−

−

yy

xx

eCeC

eCeCyxyx

                                                                  (3.5.1) 

2. For G(x)= nx, M(y)=my  

343
3

7
3

6

2142
2

5
2

4

1

1













+






 +−−+








 +−++−=

−

−

yy

xx

eCeCyx

eCeCyxyx

     

(3.5.2) 

3. For
)cos()(

),cos()(

321

321

mymmyM

nxnnxG

+=

+=
 

343

3210329

2142
2

8
2

8

1

)cos()cos(

1













+






 +

−+−+−








 +−++−=

−

−

yy

xx

eCeC

mxmnxn

eCeCyxyx

         (3.5.3) 

where the parameter 10987654321 ,,,,,,,,,  are given in appendix. 

2.5 Stream Lines in the Porous Medium 

Now let us consider the constant parameter having the porous characteristics to design the stream lines in the porous medium. 

1.Considering the equation (3.5.1, 3.5.2 & 3.5.3) in this substitute the values of the parameter for    
k

u


=2 , .4

k

v


=  

34321

2
2

2
1

11






 +






 +−






 +

−


+


+−=

−− yyxx eCeCeCeC

y
k

v
x

k

u
yx

 

(3.6.1) 

343
3

7
3

6

21
2

5
2

4

1

1













+






 +−−

+






 +−


+


+−=

−

−

yy

xx

eCeCyx

eCeCy
k

v
x

k

u
yx

(3.6.2)

 

343

3210329

21
2

8
2

8

1

)cos()cos(

1













+






 +

−+−+−








 +−


+


+−=

−

−

yy

xx

eCeC

mxmnxn

eCeCy
k

v
x

k

u
yx

       (3.6.3) 

Where permeability coefficient is k  , u, v are velocity components along the x direction and y direction. 
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2. Now substitute the values of the parameter 
k 

=
1

2 , 
k 

=
1

4  in (3.5.1, 3.5.2 & 3.5.3) if permeability condition is increase and neglecting the 

velocity u, v. 

343

21

2
2

2
1

1

1

11












+






 +−








 +

−


+


+−=

−

−

yy

xx

eCeC

eCeC

y
k

x
k

yx

    

    (3.6.4)  

)5.6.3(

1

1

11

343
3

7
3

6

21

2
5

2
4














+






 +−−+








 +−


+


+−=

−

−

yy

xx

eCeCyx

eCeC

y
k

x
k

yx

 

)6.6.3(

1
)cos(

)cos(
1

11

3

433210

32921

2
8

2
8















+








 +−+−

+−






 +

−


+


+−=

−

−

yy

xx

eCeCmxm

nxneCeC

y
k

x
k

yx

3.Now consider the parameter 

Kε

hK

M

F=2 and 
Kε

hK

M

F=4 where 𝐾𝐹 is fracture permeability and 𝐾𝑀 is matrix permeability substitute in (3.5.1, 3.5.2 & 3.5.3) 

 

343

21

2
2

2
1

1

1












+






 +

−






 +

−++−=

−

−

yy

xx

M

F

M

F

eCeC

eCeC

y
Kε

hK
x

Kε

hK
yx

 

(3.6.7) 

(3.6.8)          
1

1

343
3

7
3

6

21

2
5

2
4














+






 +−−+








 +

−++−=

−

−

yy

xx

M

F

M

F

eCeCyx

eCeC

y
Kε

hK
x

Kε

hK
yx

 

343

3210329

21

2
8

2
8

1

)cos()cos(

1














+






 +−

+−+−








 +

−++−=

−

−

yy

xx

M

F

M

F

eCeC

mxmnxn

eCeC

y
Kε

hK
x

Kε

hK
yx

(3.6.9) 

3 RESULTS AND DISCUSSION 

The stream lines for this stream function  are presented through figures (1-32). 

Figure (1-10) depict stream lines for the stream function  given by equation (3.5.1) for various values of the parameters therein. It 
is observe that streamlines are closed curves as long as the quadratic terms dominate other terms. Figures (1-3) show the effect on the 

streamlines due to the change in the value of parameter 3 for fixed values of other parameters. Figures (1) and (4) show the effect 

on the streamlines due to change in the values of the parameters 1 and 2 for fixed values of the other parameters. Figure (2) and (3) 
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illustrate the influence of the parameter 4  on the streamlines patterns. Figures (6) and (7) indicates the effect on streamlines due to 

change in the value of parameter 2 figures (8-10) depict the nature of streamlines for various values of the parameters. 

Figures (11-16) represent streamlines for the stream function   in equation (3.5.2) for various values of the parameters in equation 
(3.5.2). The effect of various values of the parameters on streamlines is obvious for the figures. 

Figures (17-23) represent the nature of stream lines for the stream function  in equation (3.5.3). Figure (17) and (18) depict change 

in the stream lines due to change in the value of for fixed values of   the other parameters. Figures (18) and (19) indicate the influence 

of the parameter 3C
. Figures (20-23) show the effect of the parameter 10

 on the stream lines for fixed value of other parameters. 

Figure (23) indicates the effect of the parameters 943 ,, CC
 and 10

on the streamlines in figure (22) for fixed values of the other 
parameters. 

Figure (24-26) represent the streamlines for the equations (3.6.1 – 3.6.3) where the parameter 𝜆2 and 𝜆4 having the characteristics of 

permeability. And the value of permeability coefficient is k  ≤ 0.6. 

Figure (27-29) represent the stream lines of the equations (3.6.4 – 3.6..6) when neglecting the fluid velocity. And the value of 

permeability coefficient is k  ≤ 0.6, 

Figure (30-32) indicates the stream lines of the equations (3.6.7 – 3.6.9). When the parameter Kε

hK

M

F=2

 and Kε

hK

M

F=4

where 𝐾𝐹 

is fracture permeability and 𝐾𝑀 is matrix permeability. And the values of permeability 
 10=h and 10 =  1, = K ,10 = K -4

M
3

F 
due to 

the fracture permeability figure (30-32) does not having stream lines. 

3.1 STREAMLINES PATTERN FOR STEADY PLANE FLOW 

 

Figure 1: β1=5.186, β2=3.186, β3=128, λ2=6, λ4=2, λ=4, C1=C2=C3=C4= 1 

 

 

 

Figure 2: β1=5.186, β2=3.186, β3=6, λ2=6, λ4=2, λ=4, C1=C2=C3=C4= 1 
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Figure 3: β1=5.186, β2=3.186, β3=2, λ2=6, λ4=2, λ=4, C1=C2=C3=C4= 1 

 

Figure 4: β1=25.186, β2=23.186, β3=128, λ2=6, λ4=2, λ=4, C1= C2=C3= C4= 1 

 

Figure 5: β1=5.186, β2=3.186, β3=6, λ2=6, λ4=32, λ=4, C1= C2= C3= C4= 1 
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Figure 6: β1=5.186, β2=3.186, β3=28, λ2=6, λ4=2, λ=4,C1= C2= 1, C3= C4= -1 

 

Figure 7: β1=5.186, β2=43.186, β3=28, λ2=6, λ4=2, λ=4,C1= C2=1, C3= C4= -1 

 

Figure 8: β1=5.186, β2=3.186, β3=6, λ2=6, λ4=2, λ=4,C1= C2= -1, C3= C4= 1 

 

Figure 9: β1=5.186, β2=3.186, β3=28, λ2=6, λ4=28, λ=4, C1=C2=1, C3=C4= -1 
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Figure 10: β1=5.186, β2=3.186, β3=6, λ2=6, λ4=2, λ=4,C1=1, C2=-1, C3=C4=1 

 

Figure 11: Streamlines pattern for β3 = 15, β4 = 35,  

β5 = 12, β6 = 12, β7 = 35, λ = 4, λ2= 6, λ4=15, C1= 8,  

C2= 12, C3= 16, C4 =24 

 

Figure 12: Streamlines pattern for β3 = 15, β4 = 32,  

β5 = 2, β6 = 12, β7 = 35, λ = 4, λ2 = 6,  

λ4 = -35, C1 =8, C2= 12, C3= 16, C4 =24 
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Figure 13: Streamlines pattern for β3= 15, β4= 12,  

β5 = 12, β6 = 12, β7 = 3, λ = 4, λ2 = 6, λ4 = 6, 

 C1 = 8, C2 =12, C3= 16, C4 = -24 

 

Figure 14: Streamlines pattern for β3 = 15, β4 = 5, 

 β5 = 12, β6= 12, β7= 43, λ = 144, λ2 = 6,  

λ4 = 46, C1 = 2 λ, C2 = 3 λ, C3= - 4 λ , C4 = - 6 λ. 

 

Figure 15: Streamlines pattern for β3 = 15, β4 = 5,  

β5 = 12, β6 = 12, β7= 43, λ = 1, λ2 = 2, λ4 = 70, C1 = 2,  

C2 = 3, C3= - 4, C4= - 6. 
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Figure 16: Streamlines pattern for β3 = 15, β4 = 120,  

β5 = 150, β6 = 12, β7 = 35, λ = 4, λ2 = 6,          

 λ4 = 75, C1 =8, C2 = 12, C3= 16, C4 = 24. 

 

Figure 17: Streamlines pattern for β3= 15, β8 = 10,  

β9 = -120, β10 = - 400, λ = 36, λ2 = 15,  

λ4 = 19, C1 =8 λ, C2 = 9 λ, C3= - 42 λ, C4 = - 43 λ, n2 = 7, n3 =9, m2 = 6, m3 = 7 

 

Figure 18: Streamlines pattern for β3 = 15, β8 = 10, 

 β9 = -120, β10 = - 400, λ = 36, λ2 = 15,  

λ4 = 19, C1 =8 λ, C2 = 9 λ, C3= - 42 λ, C4 = - 43 λ, n2 = 7, n3= 2, m2 = 6, m3 = 7. 
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Figure 19: Streamlines pattern for β3 = 15, β8 = 10, 

 β9 = -120, β10 = - 400, λ = 36, λ2 = 15,  

λ4 = 19, C1 =8 λ, C2 = 9 λ, C3= - 62 λ, C4 = - 43 λ, n2 = 7, n3 = 2, m2 = 6, m3 = 7. 

 

 

Figure 20: Streamlines pattern for β3 = 15, β8 = 10,  

β9 = -120, β10 = - 900, λ = 36, λ2 = 15,  

λ4 = 19, C1 =8 λ, C2 = 9 λ, C3= - 2 λ, C4 = - 43 λ, n2 = 7, n3 = 2, m2 = 6, m3 = 7. 

 

Figure 21: Streamlines pattern for β3 = 15, β8 = 10, 

 β9 = -720, β10 = - 1000, λ = 36, λ2 = 15,         λ4 = 19, C1 =8 λ, C2 = 9 λ, C3= - 2 λ, C4 = - 43 λ, n2 = 7, n3 = 2, m2 = 6, m3 = 7. 
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Figure 22: Streamlines pattern for β3 = 15, β8 = 10,  

β9 = -720, β10 = - 1900, λ = 36, λ2 = 15,            λ4 = 19, C1 =8 λ, C2 = 9 λ, C3= - 2 λ, C4 = - 43 λ , n2 = 7 , n3 = 2 , m2 = 6 , m3 = 7. 

 

 

Figure 23: Streamlines pattern for β3 = 15, β8 = 10,  

β9 = -920, β10 = - 1200, λ = 36, λ2 = 15      λ4 = 19, C1 =8 λ, C2 = 9 λ, C3= - 64 λ, C4 = - 4 λ, n2 = 7, n3 = 2, m2 = 6, m3 = 7. 

 

STREAMLINES PATTERN FOR POROUS PLANE 

 

Figure 24: β1=5.186, β2=3.186, β3=128, k’=0.6, u=5, v=5, λ=4, C1=C2=C3=C4= 1 
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Figure 25: Streamlines pattern for β3 = 15, β4 = 35, 

 β5 = 12, β6 = 12, β7 = 35, λ = 4, k’=0.6,    u=v=5, C1= 8, C2= 12, C3= 16, C4 =24 

 

Figure 26: Streamlines pattern for β3 = 15, β8 = 10, 

 β9 = -120, β10 = - 900, λ = 36, u=v=5, k’=0.6, C1 =8 λ, C2 = 9 λ, C3= - 2 λ, C4 = - 43 λ, n2 = 7, n3 = 2, m2 = 6, m3 = 7. 

 

 

Figure 27:  β1= -5.186, β2=3.186, β3=128, k’=0.6, λ=4, C1=C2=C3=C4= 1 

 

 

Figure 28: Streamlines pattern for β3 = 15, β4 = 35,  

β5 = 12, β6 = 12, β7 = 35, λ = 4, k’=0.6,  

C1= 8, C2= 12, C3= 16, C4 =24 
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Figure 29: Streamlines pattern for β3 = 15, β8 = 10, 

 β9 = -120, β10 = - 900, λ = 36, k’=0.6, 

✓  C1 =8 λ, C2 = 9 λ, C3= - 2 λ, C4 = - 43 λ, n2 = 7, Some stream line patterns are studied for the second-grade fluid in the presence of body 

force, neglecting the thermal effects. 

n3 = 2, m2 = 6, m3 = 7. 

 

 

Figure 30: β1=5.186, β2=3.186, β3=128, h=10, kF = 103, kM = 1,  ε  = 10−4,  λ=4, C1=C2=C3=C4= 1 

 

 

Figure 31: Streamlines pattern for β3 = 15, β4 = 35,  

β5 = 12, β6 = 12, β7 = 35, λ = 4, h=10, 

 kF = 103, kM = 1, ε = 10−4, C1= 8, C2= 12, C3= 16, 

 C4 =24 
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Figure 32: Streamlines pattern for β3 = 15, β8 = 10,  

β9 = -120, β10 = - 900, λ = 36, h=10,  

kF = 103, kM = 1, ε = 10−4, C1 =8 λ, C2 = 9 λ, C3= - 2 λ, C4 = - 43 λ, n2 = 7, n3 = 2, m2 = 6, 

 m3 =7. 

4 ONCLUSION 

✓ The effect of various second grade parameters on flow pattern is studied. It is found that the stream line patterns are evenly spaced to 

indicate the steady flow region. 

✓ The effect of porosity parameter in the flow pattern is also discussed. It is shown that the streamlines inside the porous region are always 

parallel to the main flow direction regardless of the blockage ratio. If the values of porosity parameter are decreased on the steady plane 

flow the stream line pattern becomes negligible. 

APPENDIX  

1. 













++=

1

0
11

2

1






n
 

2. 













−+=

1

0
12

2

1






m
 

3. 533  +=  

4. 







+=



 0

14
2

1
 

5. 







−=



 0

15
2

1
 

6. 



n

=6  

7. 



m

=7  

8. 







+=




 0

18
2

1
 

9. 


 1
9

n
=  

10. 


 1
10

m
=  

11. 1 =  

12.  16=  

13. )(
2

2
2

2
2

1  += nn  

14. )(
2

2
2

2
2

1  += mm  

REFERENCES 

1. Kaloni. P.N and Huschilt. K, (1998), Semi-inverse solutions of non-Newtonian fluid, Journal of non-linear Mechanics, 

vol.19, pp-373-381. 

-5 -4 -3 -2 -1 0 1 2 3 4 5
-5

-4

-3

-2

-1

0

1

2

3

4

5



R. Lakshmi, et al., Journal of Global Research in Mathematical Archives 

© JGRMA 2014, All Rights Reserved   22 

2. Labropulu. F, (2000), Exact solutions of non-Newtonian fluid flows with prescribed vorticity, Acta Mechanica, vol.141, 

pp.11-20. 

3. Labropulu. F, (2000), A few more exact solutions of the second-grade fluid via inverse methods, Mechanics Research 

communications, vol.38, pp1027-1036. 

4. Labropulu. F, (2003), D’Alembert motions for non-Newtonian second grade, international journal of Non-linear 

Mechanics, vol.38, pp.1027-1036. 

5. Mohyuddin. M.R. Asghar. S., Hayat, T and Siddiqui. A.M (2006). On semi-inverse solutions of the time dependent flows 

of a second-grade fluid, Mathematical problems in Engineering, pp.1-22. 

6. Naeem. RK, (2011), Exact solutions of a second-grade fluid via method, J. of basic and Applied Sciences, vol.7.no, 1, 

pp.27-31. 

7. Rajagobal. K.R and Gupta. A.S, (1981), On a class of exact solutions to the equations of motion of a second-grade fluid, 

International Journal of Engineering sciences, vol.19, and pp.1009-1014. 

8. Siddiqui. A.M, (1986), Some Inverse solutions of non-Newtonian fluid, Mechanical Research Communications, vol.21 (3), 

pp.157-163. 

9. Siddiqui.A.M, (1990), Some more Inverse solutions of non-Newtonian fluid, Mechanical Research Communications, 

vol.21 (3), pp.157-163. 

10. Siddiqui. A.M., Mohuddin. M.R., Hayat. T and Asghar, (2003), Some more inverse solutions of steady flows of a second-

grade fluid, Archives of rational Mechanics, vol.4, pp.373-383. 

11. Duncan. W. J., Thorn. A. S., and Young. A. D., Mechanics of Fluids, (1970), Arnold, London. 

12. Batchlor. G. K., An Introduction to Fluid Mechanics, (1967), Cambridge University Press, Cambridge, UK. 

13. Nakhle H. Asmar, Partial Differential Equations with Fourier Series & Boundary Value Problems, Pearson & Dorling 

Kindersley India Pvt. Ltd. 

14. http://www.mathwork.com/matlab/sf/contour 

15. H. Haegland, A. Assteerawatt, H. K. Dahle, G. T. Eigestad, and R. Helmig, (2009), Comparison of Cell- And Vertex 

Centered Discretization Methods for Flow in A Two-Dimensional Discrete Fracture-Matrix System, the International 

Research Training Group “Non-Linearities and Upscaling in Porous Media (NUPUS)” financed by the German Research 

Foundation (DFG)., pp 1- 29. 

16. M.M. Rashidi, T. Hayat, M. Keimanesh and H. Yousefian, (2013), A Study on Heat Transfer in a Second Grade Fluid 

Through a Porous Medium with the Modified Differential Transform Method, Wiley Periodicals, Inc. Heat Transfer Asian 

Research, 42(1): pp 31-45. 

17. F. Chorlton, Textbook of Fluid Dynamics, First Edition, (1985), Reprint 2004, Published by CBS Publishers & Distributors 

Pvt. Ltd., New Delhi. 

18. Dr. M.D. Raisinghania, Fluid Dynamics with Complete Hydrodynamics & Boundary Layer Theory, Tenth Revised Edition 

2011, Published by S. Chand & Company Ltd., New Delhi. 

19. J. M. Mcdonough, Lectures in Elementary Fluid Dynamics: Physics, Mathematics and Applications, e.book, revised 2009. 

20. R. K. Naeem and M. Jamil, (2006), On Plane Steady Flows of An Incompressible Fluid with Variable Viscosity, Int. J. Of 

Appl. Math and Mech. 2(3): 32-51. 

21. R. K. Naeem, (2011), A Class of Exact Solutions of Navier-Stokes Equations for Incompressible Fluid of Variable 

Viscosity for Defined Vorticity Distribution, Int. J. Of Appl. Math and Mech. 7 (4): 97-118. 

22. R. K. Naeem, (2013), The General Solution to Flow Equations of Incompressible Second Grade Fluids in The Presence of 

Unknown Body Force for Vorticity Function Satisfying a Partial Differential Equation, Int. J. Of Appl. Math and Mech. 9 

(12): 41-59. 

23. Roy Darby, Chemical Engineering & Fluid Mechanics, Second Edition, Marcel Dekker, Inc., New York. 

24. Muhammad R Mohyuddin & Ehsan Ellahi Ashraf, February (2004), Inverse Solutions for A Second-Grade Fluid for Porous 

Medium Channel and Hall Current Effects, Proc. Indian Acad. Sci. (Math. Sci.) Vol. 114, No. 1, pp. 79–96. 

25. Roger K. Smith, Introductory Lectures on Fluid Dynamics, Version: June 13, 2008. 

26. Chung – Yuvan Huang and George Dulikravich, (1986), Stream function and Stream function co-ordinate formulation for 

inviscid flow field calculations, Elsevier Science Publishers B.r, North Holland. 

27. Lokendra Pal, Margaretk.Joyce and Paul D.Fleming, Tappi Journal, A Simple Method for Calculations of the Permeability 

co-efficient of porous Media, September 2006, vol 5, No. 9. 

28. B.P. Garg, (2014), Oscillatory MHD Corrective Flow of Second Order Fluid through Porous Medium in a Vertical rotating 

Channel in Slip Flow Regime with Heat Radiation, International Journal of Scientific and Innovative Mathematical 

Research, vol 2, pp 500-514. 

29. Markvovitz. H and Coleman. B. D, (1964), Incompressible Second Order Fluids, Advances in Applied Mechanics, 8, pp 

69-101. 

30. Rajgobal. A.R and Gupta. A.S, (1984), An Exact Solutions for the Flow of A Non-Newtonian Fluid Past in Infinite Porous 

Plate, Mechanica,19, pp.158-160. 

 

 


